Abstract. Let (M n , g, e −f dv) be a complete smooth metric measure space with the (∞)-Bakry-Émery Ricci curvature tensor Ric f ≥ a 2 g, where constant a is positive. It is known that the spectrum of the drifted Laplacian ∆ f on M is discrete and the first nonzero eigenvalue of ∆ f has lower bound a 2 . In this paper, we proved that if the lower bound a 2 is achieved with multiplicity k, 1 ≤ k ≤ n, then M is isometric to Σ n−k × R k for some complete (n − k)-dimensional manifold Σ.
Introduction
The well-known Lichnerowicz theorem [13] states that if the Ricci curvature of a closed, i.e., compact and without boundary, Riemannian manifold (M n , g) of dimension n ≥ 2 satisfies Ric ≥ (n−1)a, where a is a positive constant, then the first nonzero eigenvalue of the Laplacian ∆ satisfies λ 1 ≥ na. Obata's Theorem [20] states that equality holds if and only if the manifold is an n-dimensional sphere with constant sectional curvature a. Observe that if a complete Riemannian manifold M has Ricci curvature bounded from below by a positive constant, then M must be compact.
One may ask whether a phenomenon corresponding to LichnerowiczObata's theorem would happen for complete smooth metric measure spaces (M n , g, e −f dv) with the (∞)-Bakry-Émery Ricci curvature tensor Ric f = Ric + ∇ 2 f ≥ a 2 g, where a is a positive constant. Recall that a complete smooth metric measure space (M n , g, e −f dv) is a complete n-dimensional Riemannian manifold (M n , g) together with a weighted volume form dµ = e −f dv on M, where f is a smooth function on M and dν the volume element induced by the metric g. For an (M, g, e −f dv), a suitable operator on M is the drifted Laplacian ∆ f = ∆ − ∇f, ∇· since it is a densely defined self-adjoint operator in the space L 2 (e −f dv) of square integrable functions on M with respect to the measure e g, constant a > 0. It is known that M is not necessary to be compact. One of examples is the shrinking Gaussian soliton (R n , g can ,
) with the canonical Euclidean metric
, the weighted volume element e . Hence one must deal with complete manifolds including noncompact case, which is different from Lichnerowicz-Obata's theorem. A basic fact is the discreteness of the spectrum of ∆ f for (M, g, e −f dv) with Ric f ≥ a 2 g, a > 0, which was pointed out by Hein-Naber in [10] (see Theorem 4 of the present paper). So the spectrum of ∆ f is just the set of points which are both eigenvalues of ∆ f in L 2 (e −f dv) with finite multiplicity and the isolated points of the spectrum (cf [9] Definition 10.1). Since the weighted volume M e −f dv of M is finite ( [16] , cf [23] ), 0 is the least eigenvalue with multiplicity one and nonzero constant functions are the associated eigenfunctions. Thus the set of all eigenvalues of ∆ f , counted with multiplicity, is an increasing sequence
2 (e −f dv) so that each ψ i is an eigenvector of ∆ f associated with the eigenvalue λ i .
On the other hand, it has been known that for such M, a Poincaré inequality holds on it with spectrum gap a 2 , cf [13] , [22] (see Section 2 for details). Therefore an observation of the above facts leads the following Lichnerowicz type theorem for ∆ f : 
Observe that the lower bound a 2
can be achieved by some (M, g, e −f dv), for instance:
) with
with multiplicity n.
Example 2. Cylinder shrinking solitons:
with multiplicity k.
In this paper we study the rigidity of equality in (1) and give the geometric characteristic of the equality. More precisely, we prove that 
. Also, the function f must be, by an isometry, for (x 1 , . . . ,
In the above Ric of the first nonzero eigenvalue is achieved with multiplicity k, then M must split off an Euclidean space according to the multipliciy. To prove Theorem 2, we use the Bochner formula, the approach taken to prove the LichnerowiczObata theorem. This method lets us be able to not only prove Theorem 2 but also to give a different proof of Theorem 1. Theorem 2 also gives the rigidity of spectrum gap or Poincaré inequality. It is known that for (M, g, e −f dv) with Ric f ≥ a 2 g, the Poincaré inequality holds, that is, for all . We obtain an upper bound estimate of λ ( ∆ f ) for noncompact gradient shrinking Ricci solitons (Theorem 5). In addition, in Section 5, we discuss self-shrinkers in the Euclidean space R n+1 . We apply the results in Section 2 to self-shrinkers of mean curvature flow in the Euclidean space R n+1 . We show that if the maximum of the principal curvatures of an immersed self-shrinker in R n+1 is strictly less than 1 2 , then the immersion is proper and the spectrum of the induced drifted Laplacian is discrete (Corollary 4).
Finally we would like to mention that for compact Riemannian manifolds with Ric f ≥ a 2 , Andrews-Ni [2] , and Futaki-Li-Li [7] obtained lower bound estimates for λ 1 (∆ f ), which depends on the diameter of the manifolds. The authors of [2] stated, by constructing examples, that their estimates are sharp when Bakry-Émery Ricci tensor is not constant (see details in [8] , [2] and [7] ). On the other hand, the spectrum properties of ∆ f and the Laplacian ∆ on complete (M, g, e −f dv) with various conditions on Ric f have been studied (cf [4] , [14] , [17] , [18] , [19] , [12] and the references therein). One interesting fact is that contrary to the drifted laplacian, the essential spectrum of the Laplacian for the gradient shrinking Ricci solitons is [0, +∞) ( [14] , [6] ).
The rest of this paper is organized as follows: In Section 2, as a preparation, we give the proof of Theorem 4; In Section 3 we prove Theorem 2; In Section 4 we prove Theorem 5; In Section 5 we prove Corollary 4; In Appendix, we prove Proposition 1 for the sake of completeness of proof.
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Compact embedding of weighted Sobolev space and discreteness of spectrum
In this section, we give some known results as preparation. Let (M n , g, e −f dv) be an n-dimensional complete smooth metric measure space. Denote by µ the measure induced by the weighted volume element e −f dv, i.e., dµ = e −f dv. 
is Sobolev space with respect to measure dµ = e −f dv. Further, suppose that a logarithmic Sobolev inequality holds on (M, g, e −f dv), that is, there exists a positive constant C such that, [21] , for the sake of completeness of proof, we include its proof in Appendix), that is,
With the above assumptions, it is known that the embedding of H
−f dv) be a complete smooth metric measure space with finite total measure µ(M)
, a > 0, Bakry-Émery [1] showed that a logarithmic Sobolev inequality (3) with C = 4 a is satisfied if the weighted volume µ(M) = M e −f dv is finite. Recently it was obtained by Morgan [16] that its weighted volume M e −f dv is finite (also see its proof in [23] ). Hence the following logarithmic Sobolev inequality holds on M:
. These facts together with Proposition 1 imply the following result. Before we prove Theorem 2, we include a proof of Theorem 1 using Poincaré inequality. It is known that in general for a complete measure space (M, g, µ) with finite total measure, a logarithmic Sobolev inequality (1) with constant C will implies a Poincaré inequalty (cf [ 
Here constant 2 C is so-called spectrum gap.
Proof of Theorem 1. We have known that the weighted volume µ(M) = M e −f dv is finite and the logarithmic Sobolev inequality (4) holds. So Poincaré inequality holds with spectrum gap a 2
. By Theorem 4, the spectrum of ∆ f is discrete and hence the variational characterization of λ 1 (∆ f ) states that
By Poincaré inequality , we get that the lower bound of λ 1 (∆ f ) is just spectrum gap a 2
. Now we prove Theorem 2, whose proof also give a direct proof of Theorem 1 without using Poincaré inequality.
Proof of Theorem 2. It suffices to consider, by a scaling of metric g, the case of (M, g, e −f ) with Ric f ≥ 1 2 . Assume that u is a nonconstant eigenfunction of ∆ f corresponding to an eigenvalue λ, i.e., (6) ∆
and the weighted Bochner formula:
we have
If M is compact, integrating (7), we have
If M is noncompact, we claim that (8) also holds. Given an fixed point p ∈ M, let B R denote the geodesic sphere of M of radius R centered at p. Let φ be the nonnegative cut-off function satisfying that φ is 1 on B R , |∇φ| ≤ 1 on B R+1 \ B R , and φ = 0 on Σ \ B R+1 . Multiplying (7) by φ 2 and then integrating, we get
On the other hand, by the weighted Green formula,
In the above, the subscripts i, j denote the covariant derivatives with respect to e i , e j respectively, where {e i } denotes a local orthonormal frame on M. Substituting (11) into (10), we have
Combining (9) and (12), it holds that
Noting M |∇u| 2 < ∞ and letting R → ∞ in the above inequality, by the monotone convergence theorem, we have M |∇ 2 u| 2 dµ < ∞.
Furthermore, observe that
So (13) implies that
Letting R → ∞ in (14), the right side convergences to zero. Thus
Letting R → ∞ in (9), using the dominate convergence theorem, we have (8):
So the claim holds. Since u is not constant, from (8), λ ≥ . This implies that λ 1 (∆ f ) ≥ 
By (15), ∆u = 0 and hence by (17) , (18) − ∇f, ∇u + 1 2 u = 0.
Thus u is a nonconstant harmonic function and M must be noncompact. Moreover, (15) together with the fact u is not constant means that ∇u is a nontrivial parallel vector field and hence implies that M must be isometric to a product manifold Σ n−1 × R for some complete manifold Σ. Besides u is constant on the level set Σ × {t}, t ∈ R. Without lost of generality, suppose that Σ := u −1 ({0}). By passing an isometry, we may assume that
. So (19) f (x, t) = t
From (19) , for any vector field X ∈ T Σ and the unit normal ν to Σ, it holds that
Here and thereafter we denote still by f the restriction of f on the corresponding submanifolds, for instance, f | Σ by f . Also the superscripts Σ, R denote the corresponding geometric quantities of Σ and R respectively, for instance, ∇ Σ denotes the connection of Σ. By a direct computation, the Ricci curvature satisfies that on Σ
By Theorem 4, the spectrum of ∆ Σ f on Σ for L 2 f (Σ) is also discrete. By direct computation, we have the identity: (20) where by abuse of notations, ∆ 
where the first nonzero eigenvalue 1 2 has multiplicity one. Hence
where
is the first nonzero eigenvalue of ∆ Σ f . To conclude the proof, we claim that if the multiplicity of
, and
In the following proof, we will use Σ j with superscript j to distinguish different Σ, whose dimension is j. We will prove the claim by induction.
First suppose that the multiplicity k = 1. By the proof before, we know that M = Σ n−1 × R, Ric
and f is as in (19) . From (21), we know that λ 1 (∆
. So the claim holds for k = 1. Next suppose that the conclusion of the claim holds for multiplicity k − 1 and λ 1 (∆ f ) = 1 2 has multiplicity k. Then we have that M = Σ n−1 × R with Ric
must have multiplicity k − 1. Hence by hypothesis of induction,
where (x 1 , . . . , x n−k+1 , t 1 , . . . ,
and f is as (22) . So the conclusion of the claim holds for k. Therefore by induction, the claim is proved. Thus we complete the proof of theorem.
Theorem 2 has the following corollaries. is the first nonzero eigenvalue λ 1 (∆ f ) with multiplicity n − 1, then M is isometric to the Euclidean space R n and f can be expressed as
where ϕ is smooth function satisfying
Proof. From Theorem 2, M is isometric to Σ × R n−1 . Σ has dimension 1. Meanwhile it is known by [16] that the fundamental group π 1 (M) is finite. So Σ must be R, not a circle and M is isometric to R n . In this case, Ric f = ∇ 2 f . Using the general expression of f in Theorem 2, we obtain (23) by direct computation.
With Theorem 2, we may further estimate for other eigenvalues: 
. Moreover the equality holds if and only if Σ is isometric to the round sphere S n−k in with radius 2(n − k − 1).
on Σ and n − k ≥ 2. Analogous to the proof of Theorem 2, the eigenvalues of σ(∆ f ) of M are the sums of the corresponding eigenvalues σ(∆ Σ f ) of Σ and σ(∆ R k f ) of R k with restricted f on Σ and R k respectively. By Theorem 2, we know that
where (t 1 , . . . , t k ) ∈ R k . In this case
, . . . ,
has multiplicity k. On the other hand, Note that Ric
and f is constant on Σ. By Lichnerowicz theorem,
.
, and by Obata theorem, the equality holds if and only if Σ n−k is isometric to the round sphere S n−k . The radius is determined by the curvature directly. It is known that (25) implies the following identities about complete gradient shrinking solitons.
for some constant C 0 . Here R denotes the scalar curvature of (M, g). For gradient shrinking Ricci solitons, we may give the upper bound estimate of the first nonzero eigenvalue of ∆ f as follows. ) be a complete noncompact gradient shrinking Ricci soliton. Then 1 is an eigenvlaue of ∆ f and a translation of f with some constant is an associated eigenfunction. Moreover the first nonzero eigenvalue
• The logarithmic Sobolev inequality holds, that is, for all u ∈ H 1 f (M) satisfying M u 2 dµ = M e −f dv,
M u 2 log u 2 e −f dv ≤ 4 1 − 2δ M |∇u| 2 e −f dv.
• The spectrum of ∆ f = ∆ − x 2
x, ∇· on M is discrete.
Proof. Since all eigenvalues, that is, principle curvatures, of A satisfy
By [16] , M has finite weighted volume. By [6] , M is equivalently properly immersed and with the polynomial volume growth. By [1] , we known that logarithmic Sobolev inequality (1) holds on M with constant
. Moreover by Theorem 4, the spectrum of ∆ f is discrete. which enjoys logarithmic Sobolev inequality (3) with respect the measure e −f dv, we ask if Σ inherits a logarithmic Sobolev inequality (3) from R n+p .
Appendix
In this section, we give a proof of Proposition 1. We first recall some needed facts in measure theory. Let (Ω, F , µ) denote measure space with finite total measure, i.e., µ(Ω) < ∞. Let L p (µ) denote the Banach space of classes of measurable, real-valued functions on Ω, whose p-th power is µ-integrable. Recall that a subset K of L 1 (µ) is called uniformly integrable if given ε > 0, there is a δ > 0 so that sup{ E |f |dµ : f ∈ K} < ε whenever µ(E) < δ. It is known that Now let (M n , g, e −f dv) be a complete smooth metric measure space. With the same notations as in Section 2, assume that µ(M) = M e −f dv is finite and the logarithmic Sobolev inequality (3) holds on (M, g, e −f dv) for all u ∈ C
